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Heavy-‐ion	  collisions	

•  Classic	  quesRons	  
– Did	  we	  observe	  deconfinement?	  
– Did	  we	  observe	  restoraRon	  of	  chiral	  SSB?	  
–  Is	  thermal	  equilibrium	  really	  achieved?	  

•  And	  many	  more	  modern	  topics	  
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At	  present,	  we	  can	  only	  do	  
consistency	  checks.	
•  Hydro	  simulaRon	  with	  EoS	  that	  has	  

deconfinement	  works	  or	  not	  
•  Quarkonium	  simula8on	  with	  screened	  potenRal	  

on	  hydro	  backgrounds	  works	  or	  not	  



Outline	

1.  IntroducRon	  and	  a	  li]le	  more	  
2.  Annual	  Users’	  Guide	  of	  StochasRc	  PotenRals	  
–  Once	  it	  gets	  popular,	  I	  will	  do	  it	  every	  year!	  

3.  Summary	
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1.	  IntroducRon	  +	  	

•  What	  is	  quark-‐gluon	  plasma?	  
– Phase	  transiRon?	  Crossover?	  
– Perfect	  liquid?	  So?	  
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Figure 9: The trace anomaly I = ϵ − 3p normalized by T 4 as a function of the temperature on
Nt = 6, 8, 10 and 12 lattices.

Figure 10: The pressure normalized by T 4 as a function of the temperature on Nt = 6, 8 and 10
lattices. The Stefan-Boltzmann limit pSB(T ) ≈ 5.209 ·T 4 is indicated by an arrow. For our highest
temperature T = 1000 MeV the pressure is almost 20% below this limit.
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What do elliptic flow measurements tell us about the matter created at RHIC? Roy A. Lacey

Figure 10: (Color online) η/s vs (T −Tc)/Tc for several substances as indicated. The calculated values
for the meson-gas have an associated error of ∼ 50% [62]. The lattice QCD value Tc = 170 MeV [63] is
assumed for nuclear matter. The lines are drawn to guide the eye.

are obtained from chiral perturbation theory with free cross sections [62]. Those for the QGP (ie.
for T > Tc) are from lattice QCD simulations [67]. The value Tc ∼ 170 MeV is taken from lattice
QCD calculations [63].

Figure 10 illustrates the observation that for atomic and molecular substances, the ratio η/s
exhibits a minimum of comparable depth for isobars passing in the vicinity of the liquid-gas critical
point [53, 66]. When an isobar passes through the critical point (as shown in Fig. 10), the minimum
forms a cusp at Tc; when it passes below the critical point, the minimum is found at a temperature
below Tc (liquid side) but is accompanied by a discontinuous change across the phase transition.
For an isobar passing above the critical point, a less pronounced minimum is found at a value
slightly above Tc. The value η/s is smallest in the vicinity of Tc because this corresponds to the
most difficult condition for the transport of momentum [66].

Given these observations, one expects a broad range of trajectories in the (T,nB) or (T,µB)
plane for nuclear matter, to show η/s minima with a possible cusp at the critical point. The exact
location of this point is of course not known, and only coarse estimates of where it might lie are
available. The open triangles in the figure show calculated values for η/s along the µB = 0, nB = 0
trajectory. For T < Tc the η/s values for the meson-gas show an increase for decreasing values of
T . For T greater than Tc, the lattice results [67] indicate an increase of η/swith T , albeit with large
error bars. These trends suggest a minimum for η/s in the vicinity of Tc. This minimum is rather
close to the absolute lower bound of η/s = 1/4π . We therefore speculate that it is compatible
with the minimum expected if the hot and dense QCD matter produced in RHIC collisions follow
decay trajectories which are close to the QCD critical end point (CEP). Such trajectories could
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No	  clear	  definiRon	

•  Then	  think	  physically	  
– What	  is	  characterisRc	  of	  QGP?	  

•  LiberaRon	  of	  color	  degrees	  of	  freedom	  

	  
•  RestoraRon	  of	  chiral	  symmetry	  breaking	
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Figure 9: The trace anomaly I = ϵ − 3p normalized by T 4 as a function of the temperature on
Nt = 6, 8, 10 and 12 lattices.

Figure 10: The pressure normalized by T 4 as a function of the temperature on Nt = 6, 8 and 10
lattices. The Stefan-Boltzmann limit pSB(T ) ≈ 5.209 ·T 4 is indicated by an arrow. For our highest
temperature T = 1000 MeV the pressure is almost 20% below this limit.
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Color	  accounts	  for	  a	  lot!	  

•
7
8
× 4N f ×Nc ≈10.5Nc

•2 Nc
2 −1( ) =16



Color	  degrees	  of	  freedom	

•  In	  vacuum,	  colors	  are	  not	  liberated	  
–  In	  the	  staRc	  limit,	  one	  can	  refer	  to	  “potenRal”	  

15/06/09	 RHIC-‐AGS	  Annual	  Users'	  MeeRng	  2015	 6	

r	
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-‐Im(t)	
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>(t = −iτ , r)

Wilson	  loop	  for	  singlet	  potenRal	  energy	

•D∞
>(t, r) ~ exp −iV (r)t[ ]

•D∞
>(t = −iτ , r) ~ exp −V (r)τ[ ]

*Assuming	  energy	  gap	  

à	  Linear	  potenRal	



PotenRal	  at	  finite-‐T	

•  Above	  Tc,	  colors	  are	  screened	  
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r	

Re(t)	 D∞
>(t, r)

-‐Im(t)	

D∞
>(t = −iτ , r)

Wilson	  loop	  for	  singlet	  potenRal	  energy	

One	  cannot	  assume	  energy	  gap	  due	  
to	  collisions	  
à ConRnuum	  spectrum	  
à Complex	  potenRal	  (Alex’s	  talk)	  

•D∞
>(t, r) ~ exp −iV (r)t[ ]

•D∞
>(t = −iτ , r) ~ exp −V (r)τ[ ]



2.	  Users’	  Guide	  of	  StochasRc	  PotenRal	

•  Modeling	  quarkonium	  in	  thermal	  bath	  
– Extension	  of	  potenRal	  model	  in	  the	  vacuum	
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StochasRc	  potenRal	  in	  a	  nutshell	

•  A	  stochasRc	  infinitesimal	  Rme	  step	  

•  StochasRc	  Schrödinger	  equaRon	
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i ∂
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ψ(t, r) = VRe(r)− i
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Γ(r, r)+Ξ(t, r)
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(
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*
ψ(t, r),

Ξ(t, r) ≡Θ(t, r)− iΔt
2

Θ(t, r)2 − Θ(t, r)2{ }≅Θ(t, r),   Ξ(t, r) = 0
Diagonal	  part	

irrelevant	

ψ(t +Δt, r) = exp −iΔt VRe(r)+Θ(t, r){ }$% &'ψ(t, r),

Θ(t, r) = 0,    Θ(t, r)Θ(t ', r ') = Γ(r, r ')δtt ' Δt,    Θ~ Δt( )−1/2

Can	  have	  off-‐diagonal	  components	



Complex	  potenRal	

•  What	  is	  	  	  	  	  	  	  	  	  	  	  	  	  	  ?	  
– Quarkonium	  wave	  funcRon	  averaged	  over	  gauge	  
configuraRons	  
•  	  	  	  	  	  	  	  	  	  	  	  	  	  	  evoluRon	  needs	  not	  be	  unitary	
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	  Recipes	  for	  stochasRc	  potenRal	

•  PotenRal	  :	  Real	  part	  of	  the	  complex	  potenRal	  
•  Noise	  correlaRons	  
– Diagonal:	  Imaginary	  part	  of	  the	  complex	  potenRal	
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VRe(r)+Θ(t, r),
Θ(t, r)Θ(t ', r ') = Γ(r, r ')δtt ' Δt,

No	  recipe	  for	  off-‐
diagonal	  correlaRon	  
from	  complex	  potenRal	



Off-‐diagonal	  correlaRon	

•  CorrelaRon	  length	  ~	  medium	  resoluRon	  scale	  
– e.g.	  One-‐body	  stochasRc	  Schrödinger	  equaRon	  in	  
a	  uniform	  medium	  
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ψ(t +Δt, r) = exp −iΔt −
∇2

2M
+θ(t, r)
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+
,

-

.
/ψ(t, r),

θ(t, r) = 0,    θ(t, r)θ(t ', r ') = γ (r − r ')δtt ' Δt,

Uniform	  random	  phase	  à	  no	  physical	  effect	  	•γ (r − r ') = γ ?

•γ (r − r ') = γ exp −Δr2 lcorr
2#$ %& Decoherence	  over	  distance	  lcorr	

EssenRally,	  this	  leads	  to	  quarkonium	  melRng!	



PerturbaRon	  theory	

•  Noise	  correlaRons	  
– do	  not	  know	  where	  Q	  and	  Qc	  are	
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Θ(t, r) =θ(t, r)−θ(t, 0)
θ(t, r) = 0,    θ(t, r)θ(t ', r ') = γ (r − r ')δtt ' Δt,

→ Θ(t, r)Θ(t ', r ') =!,   Θ(t, r)2 = 2 γ (0)−γ (r)[ ] Δt > 0

Q	 Qc	
r	

θ(t, r) θ(t, 0)

r-‐dependence	  of	  the	  imaginary	  part	  of	  the	  potenRal	  
arises	  due	  to	  interference	  of	  noises	  at	  Q	  and	  Qc	



Numerical	  simulaRon	

•  StaRc	  &	  uniform	  ma]er	
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Figure 4. Time evolution of the absolute (top) and relative (bottom) abundances cii of different
Bottomonium bound states in the QGP at T = 2.33TC starting from a pure Upsilon  QQ̄(r, 0) =

�0(r) configuration. The values of the real inter-quark potential are taken from the perturbative
HTL potential VQQ̄(r) = Re[V HTL

](r) by Laine [38]. Distinct pattern emerge between the case
where (left) no noise is included in our system �(r, r0) = 0 and (right) the diagonal correlations of
the thermal noise resemble the imaginary part of the HTL potential �(r, r) = �Im[V HTL

](r). In
both cases state mixing occurs since the vacuum initial state �0(r) is not an Eigenstate of the in-
medium Hamiltonian. Note that state mixing only changes the abundances of states with the same
parity, i.e. no P,D or F states appears (left). Thermal noise contributes additional excitations and
deexcitations to the time evolution which (albeit weakly) also excited states with different angular
momentum.

excited states ⌥

0 and ⌥” become populated. At t ⇠ 2fm almost equal amounts can be
found. Note that there is a distinct time-lag between the increase in the numbers of ⌥

0

and ⌥

00 reflecting their different masses. Summing up the admixtures of the bound states
we find that this value deviates slightly from one, the continuum states are only weakly
populated. As the Hamiltonian respects parity, we only find mixing between states that
have the same angular momentum L, i.e. none of the possible P, D, F or higher L states
appear during the evolution.

In the case where we take the effects of thermal decoherence, i.e. of the imaginary
part of the EFT potential into account, we still find that state mixing is an important
part of the dynamics. As shown on the right of Fig. 4 the stochastic noise however leads
to a much faster depopulation of the ⌥ ground state. Since the ⇥(r, t) in our approach
does not discriminate between states of different angular momentum, it thermally excites
all of the different P, D and F states albeit with a small magnitude. The finite angular
momentum states of mass below m⌥00 with their respective multiplicities 3(P ), 5(D) and
7(F ) are depicted in the figures as individual gray lines with a common shading3. Since
we do not yet have a baseline for the overall production of b¯b in heavy-ion collisions we
concentrate here only on the relative abundances between the three S-states plotted in the
lower part of the figure.

3
The roughness but not the overall magnitude of the gray curves is owed to the relatively small number

of 10 individual runs used to generate the noise average due to the involved numerical cost.

– 12 –

VRe(r) = −
g2CF

4π
mD +

exp(−mDr)
r

"

#$
%

&'

Γ(r, r) = g
2TCF

4π
φ(mDr),

Γ(r, r ') = Γ(r, r)Γ(r ', r ') exp −
r − r ' 2

2λ 2
"

#
$
$

%

&
'
'

Rothkopf	  (14)	



Quarkonium	  color?	

•  According	  to	  perturbaRon	  theory	  

– Singlet	  à	  Octet	  à	  Singlet	  à	  …	
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Θ(t, r) =θ a (t, r)ta ⊗1+θ a (t, 0)1⊗ (−ta*)

θ a (t, r) = 0,    θ a (t, r)θ b(t ', r ') = γ (r − r ')δ abδtt ' Δt,

Q	 Qc	
r	

θ a (t, r)ta θ a (t, 0)(−ta*)



LimitaRons:	  no	  dissipaRon	

•  Hamiltonian	  formalism	  
– StochasRc	  potenRal	  ~	  random	  Rme-‐dependent	  
potenRal	  

–  Irreversible	  process	  cannot	  be	  described	  

•  Applicable	  to	  
– Study	  of	  quarkonium	  melRng	  unRl	  HQ	  sector	  
approaches	  close	  to	  equilibraRon	  (KEQ~T)	
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Hydro	  +	  QQc	

•  PropagaRon	  and	  decoherence	  in	  hydro	  
background	  
– Quarkonium	  feels	  T(t)	  along	  its	  trajectory	  

•  Can	  explain	  upsilon	  yields?	  
•  Can	  explain	  centrality	  dependence?	
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Y.A.	  Nonaka,	  Rothkopf,	  in	  progress	



3.	  Summary	

•  Users’	  guide	  for	  the	  stochasRc	  potenRal	  
–  Imaginary	  part	  of	  the	  potenRal	  comes	  from	  
thermal	  noise	  

–  Its	  off-‐diagonal	  correlaRon	  is	  important	  for	  
decoherence,	  i.e.	  melRng	  of	  quarkonium.	  

– ApplicaRon	  to	  phenomenology:	  Hydro	  +	  QQc	
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